We study the problem of non-relativity for a complex Euclidean space and a bounded symmetric domain equipped with their canonical metrics. In particular, we answer a question raised by Di Scala.
Introduction
Holomorphic isometric embeddings have been studied extensively by many authors. In the celebrated paper by Calabi [C] , he obtained the global extendability and rigidity of a local holomorphic isometry into a complex space form, among many other important results. In particular, he proved that any complex space form cannot be locally isometrically embedded into another complex space form with a different curvature sign with respect to the canonical Kähler metrics, respectively. In his paper, Calabi introduced the so called diastasis function and reduced the metric tensor equation to the functional identity for the diastasis functions. In a later development [DL1] , Di Scala and Loi generalized Calabi's non-embeddability result to the case of Hermitian symmetric spaces of different types.
On the other hand, Umehara [U] studied an interesting question whether two complex space forms can share a common submanifold with the induced metrics. Following Calabi's idea, Umehara proved that two complex space forms with different curvature signs cannot share a common Kähler submanifold. When two complex manifolds share a common Kähler submanifolds with induced metrics, Di Scala and Loi in [DL2] called them to be relatives. Furthermore, Di Scala and Loi proved that a bounded domain with its associated Bergman metric can not be a relative to a Hermitian symmetric space of compact type equipped with the canonical metric. Notice that any irreducible Hermitian symmetric space of compact type can be holomorphically isometrically embedded into a complex project space by the classical Nakagawa-Takagi embedding. Therefore in order to show that a Kähler manifold is not a relative of a projective manifold with induced metric, it suffices to show that it is not a relative to the complex projective space with the Fubini-Study metric. Meanwhile it follows from the result of Umehara [U] , the complex Euclidean space and the irreducible Hermitian symmetric space of compact type cannot be relatives. After these studies, it remains to understand if a complex Euclidean space and a Hermitian symmetric space of noncompact type can be relatives.
Denote the Euclidean metric on C n by ω C n . For each 1 ≤ j ≤ J, let the bounded symmetric domain Ω j ⊂ C m j be the Harish-Chandra realization of an irreducible Hermtian symmetric space of noncompact type and let ω Ω j be the Bergman metric on Ω j . Let D ⊂ C κ be a connected open set and ω D be a Kähler metric on D, not necessarily complete.
In this short paper, we show that there do not simultaneously exist holomorphic isometric
As a consequence, a complex Euclidean space and a bounded symmetric domain cannot be relatives. Indeed, we prove the following slightly stronger result:
for certain real constants µ 1 , · · · , µ J . Then F must be a constant map. Furthermore, if all µ ′ j s are positive, then G is also a constant map. Corollary 1.2. There does not exist a Kähler manifold (X, ω X ) that can be holomorphic isometrically embedded into the complex Euclidean space (C n , ω C n ) and also into a Hermitian symmetric space of noncompact type (Ω, ω Ω ).
2 Proof of Theorem 1.1
Our proof fundamentally uses ideas developed in our previous work [HY] .
× Ω J be holomorphic maps satisfying equation (1). Without loss of generality, assume that 0 ∈ D and F (0) = 0, G(0) = 0. We argue by contradiction by assuming that F is not constant. By equation (1), we have
is the Bergman kernel on Ω j and {h jl (ξ)} is an orthonormal basis of L 2 integrable holomorphic functions over Ω j . Note that Ω j is a complete circular domain in the Harish-Chandra realization. Therefore, the Bergman kernel of Ω j satisfies the identity K j (e √ −1θ ξ, e √ −1θ η) = K j (ξ, η) for any θ ∈ R and any ξ, η ∈ Ω j . This implies
does not contain any nonconstant pure holomorphic terms in ξ. Similarly, K j (ξ, η) does not contain any nonconstant pure anti-holomorphic terms in η. Hence K j (ξ, ξ) does not contain nonconstant pluriharmonic terms in ξ. After normalization, we can assume tha K j (ξ, 0) = 1. By the standard argument in [CU] , one can get rid of ∂∂ to obtain the following functional identity by comparing the pure holomorphic and anti-holomorphic terms in z:
After polarization, (2) is equivalent to
wheref i (w) = f i (w) and conj(D) = {z ∈ C|z ∈ D}. Notice that the Bergman kernel K j (ξ, η) is a rational function on ξ and η for the bounded symmetric domain Ω j ( [FK] ). From this, we have the following algebraicity lemma. Here, we recall that a function H is called a holomorphic Nash algebraic function over V ⊂ C κ if H is holomorphic over V and there is a non-zero
Proof. The proof is similar to the algebraicity lemma in Proposition 3.1 of [HY] . Write
to equation (3), we get for w near 0 the following:
We can rewrite (4) as follows:
where F = (f 1 , · · · , f n ), and φ 1 (w, X 1 , · · · , X J ) is Nash algebraic in (X 1 , · · · , X J ) for each fixed w, as the Bergman kernel functions K j (ξ, η) are rational functions. Now, differentiating (5), we get for any δ the following equation
Here for
be a basis for L. Then for a small open disc ∆ 0 centered at 0 in C,F (∆ 0 ) ⊂ L. Indeed, for any w near 0, we have from the Taylor expansion that
Now, let ν j (j = 1 · · · , n − τ ) be a basis of the Euclidean orthogonal complement of L. Then, we have
Consider the system consisting of (6) at w = 0 (with δ = δ 1 , · · · , δ τ ) and (7). The linear coefficient matrix in the left hand side of the system at w = 0 with respect to
and is obviously invertible. Note that the right hand side of the system of equations consisting of (6) at w = 0 (with δ = δ 1 , · · · , δ τ ) and is Nash algebraic in G 1 (z), · · · , G J (z). By Gramer's rule, there exists a Nash algebraic functionF (
In fact, in our setting here, we can makeF holomorphically rational in its variables.
. Let R be the field of rational functions in z over D. Consider the field extension
namely, the smallest subfield of meromorphic function field over D containing rational functions and g 11 , · · · , g Jm J . Let l be the transcendence degree of the field extension F/R. If l = 0, then each element in {g 11 (z), · · · , g Jm J (z)} is a Nash algebraic function. Hence by Lemma 2.1, each f i (z) is also Nash algebraic. In this case, we arrive at a contradiction by the following lemma together with Equation (3).
Proof. Suppose that H is not constant. After a linear transformation in ξ, if needed, we can assume, without loss of generality, that, H(ξ) is not constant for a certain fixed ξ 2 , · · · , ξ κ . Then H is a non-constant Nash-algebraic holomorphic function in ξ 1 for such fixed ξ 2 , · · · , ξ κ . Hence, we can assume that κ = 1 to achieve a contradiction. Write H = H(ξ) and H k = H k (ξ) for each 1 ≤ k ≤ κ. Use S ⊂ C to denote the union of branch points, poles and zeros of H(ξ) and H k (ξ) for each k. Given a p ∈ C \ S and a real curve in C \ S connecting p and V , by holomorphic continuation, the following equation holds on an open neighborhood of the curve:
Assume that the minimal polynomial of H is given by p(ξ,
. Denote the branches of H by {H
(1) , · · · , H (d) } and these branches can be obtained through H by holomorphic continuation. Denote the corresponding branches for H k obtained by holomorphic continuation by {H
is a constant. Then some branches of H blow up at ξ 0 . Without loss of generality, assume that ξ 0 = ∞. Assume that (8) holds in a neighborhood of ∞ after holomorphic continuation from the original equality. By the Puiseux expansion, we can assume that
for |ξ| >> 1 with a β 0 = 0 and β 0 , N 0 > 0. Without loss of generality, we assume that a β 0 > 0. Now, when ξ → ∞ along the positive x-axis, for the branch H ( * ) , which corresponds to ξ β 0 /N 0 taking positive value along this ray in its Puiseux expansion, we have |e
as x → +∞. However, the right hand side of (8) grows at most polynomially. This is a contradiction. Now, assume that l > 0. By re-ordering the lower index, let G = {g 1 (z), · · · , g l (z)} be the maximal algebraic independent subset in F. It follows that the transcendence degree of F/R(G) is 0. Then there exists a small connected open subset U with 0 ∈ U such that for each j α with g jα ∈ G, we have a holomorphic Nash algebraic functionĝ jα (z, X 1 , · · · , X l ) in the neighborhoodÛ of {(z, g 1 (z), · · · , g l (z))|z ∈ U} in C × C l such that it holds that g jα (z) =ĝ jα (z, g 1 (z), · · · , g l (z)) for any z ∈ U. Then by Lemma 2.1, for each 1 ≤ i ≤ n, there exists a holomorphic Nash algebraic functionf i (z,
Lemma 2.3. For any w near 0 and any (z, X) ∈Û, Φ(z, X, w) ≡ 0. As a consequence, Ψ(z, X, w) ≡ 0.
Proof. Assume Φ(z, X, w) ≡ 0. Then there exists w 0 near 0, such that Φ(z, X, w 0 ) ≡ 0. Since Φ(z, X, w 0 ) is a Nash algebraic function in (z, X), then there exists a holomorphic polyno-
As Ψ(z, g 1 (z), · · · , g l (z), w) ≡ 0 for z ∈ U, it follows that Φ(z, g 1 (z), · · · , g l (z), w 0 ) ≡ 0 and therefore A 0 (z, g 1 (z), · · · , g l (z)) ≡ 0. This means that {g 1 (z), · · · , g l (z)} are algebraic dependent over R. This is a contradiction.
Since Ψ(z, X, w) is holomorphic in w and Ψ(z, X, 0) ≡ 0, then Ψ(z, X, w) ≡ 0. Now for any (z, X, w) ∈Û × conj(U), we have the following functional identity:
Proof. Assume not. Letting w = z and X = (g 1 (z), · · · , g l (z)), it follows that
This implies that f i (z) ≡ 0 for all 1 ≤ i ≤ n and therefore contradicts to the assumption that
Choosing z 0 , w 0 as in Lemma 2.4, n i=1f i (z, X)f i (w) is a nonconstant holomorphic Nash algebraic function in X by Lemma 2.4 and by the fact that
is also Nash algebraic in X for all j as the Bergman kernel function of bounded symmetric domain is rational. Hence we arrive at a contradiction by Lemma 2.1. Thus F must be a constant map. Now if all µ ′ j s are further assumed to be positive, it is obvious that G must also be constant. The proof of Theorem 1.1 is complete.
Further remarks
A Hermitian symmetric space M of compact type can be holomorphically isometrically embedded into the complex projective space P N by the Nakagawa-Takagi embedding. Notice that the Fubini-Study metric ω P N on P N in a standard holomorphic chart {w 1 , · · · , w N } is given by
up to the normalizing constant, which is also of the form ∂∂ log K(w,w), where K(w,w) is an algebraic function. Therefore the same argument yields the following theorem:
positive, G and L are also constant map.
Remark that the above constant µ 1 , · · · , µ J , λ 1 , · · · , λ K can be positive, negative or zero. In particular, Theorem 3.1 implies that the complex Euclidean space cannot be a relative to the product space of a bounded symmetric space and a Hermitian symmetric space of compact type. Note that, in [DL2] , Di Scala and Loi showed that any bounded domain with Bergman metric and a Hermitian symmetric space of compact type cannot be relatives. Combining their results, we actually can conclude that any Hermitian symmetric space of a particular type and the product of Hermitian symmetric spaces of two other types cannot be relatives. More precisely, we summarize the result as follows:
n be a Hermitian symmetric space of noncompact, compact and Euclidean type, respectively, equipped with the canonical
for real constants a, b, c, then it must holds that a = b = c = 0.
Next, we let (D 1 ⊂ C n , ω 1 ) and (D 2 ⊂ C m , ω 2 ) be two Kähler manifolds with ω j = √ −1∂∂ log h j (z,z). Here h j (z,z) are real analytic functions in z. Assume that 0 ∈ D j and h j (j = 1, 2) do not have any non-constant harmonic terms in its Taylor expansion at the origin with h j (0, 0) being normalized to be 1. (D 1 , ω 1 ) and (D 2 , ω 2 ) are relative at 0 if and only if there are non-constant holomorphic maps φ 1 : ∆ → D 1 and φ 2 : ∆ → D 2 with φ j (0) = 0 such that φ * 1 (ω 1 ) = φ * 2 (ω 2 ). Here ∆ is the unit disk in C 1 . As standard, this happens if and only if h 1 (φ 1 (τ ), φ 1 (τ )) = h 2 (φ 2 (τ ), φ 2 (τ )).
Now, we let the real analytic set M ⊂ D 1 × D 2 ⊂ C n+m be defined by h 1 (z,z) = h 2 (w,w) with (z, w) ∈ D 1 × D 2 . By the fact that h j serve as potential functions of Kähler metrics near 0, it is not hard to show that M must be regular at the origin. Then (D 1 , ω 1 ) and (D 2 , ω 2 ) are relative at 0 or near a point close to 0 if and only if inside M, there is a non-trivial holomorphic curve containing the origin. Then this cannot happen if and only if M is of D'Angelo finite type at 0 [DA] . Hence, by what we proved above, we have the following: Theorem 3.3. Let K j (w,w) (j = 1, · · · , κ) be postively-valued smooth Nash-algebraic functions in (w,w) with w(∈ C m ) ≈ 0. Assume that the complex Hessian of log K j (w,w) is positive definite for each j. Then for any positive real numbers µ 1 , · · · , µ κ , the following real-analytic hypersurface M defined near the origin is of finite D'Angelo type at 0: M := {(z, w)(⊂ C n+m ) ≈ (0, 0) :
µ l log K l (w,w)}.
